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Abstract. We have numerically studied adhesive contact between a flat indenter with 
brush structure and an elastic half space using the boundary element method. Various 
surface structures with different size, number and shape of the “pillars”, as well as their 
distributions (regular or random) have been investigated. The results validate the 
theoretical prediction that the adhesive force in contact of an indenter with discontinuous 
areas is roughly proportional to the square root of the real contact density (“filling 
factor”). 
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1. INTRODUCTION 
Textured surfaces are gaining popularity today due to their special physical properties 
such as nanotextured surface for improvement of water repellent [1] or bactericidal 
properties of orthopedic implants [2] or tribological properties in hydrodynamic lubrication 
[3]. Some of these structure designs try to mimic the “mystical” property of nature. One 
interesting example is adhesion of the geckos. It was found that there are 6.5 million setae 
on the gecko’s feet which could provide a large adhesive force [4]. It was argued that this 
contact splitting is the one that enhances adhesion [5, 6]. In the present paper we consider 
adhesion between a rigid flat surface with columns and an elastic half space (see Fig.1) 
under usual assumptions of the JKR-theory (see e.g. [7]).  
                                                          
Received December 20, 2017 / Accepted January 31, 2018 
Corresponding author: Qiang, Li  
Affiliation: Berlin University of Technology, Sekr. C8-4, Straße des 17. Juni 135, D-10623 Berlin 
E-mail: qiang.li@tu-berlin.de 
2 Q. LI, V.L. POPOV 
  
           a)                                b) 
Fig. 1 Contact configuration: a) sketch of adhesive pull-off experiment with contact between 
a rigid structure and an elastic half-space; b) an example of a brush-structured surface 
The classical theory of adhesion between a flat cylindrical punch and an elastic half 
space was given by Kendall in 1971 [8]. Over the last few years, several analytical models 
have been proposed to provide for understanding of adhesive behavior of microcontacts of 
a cluster structure [9-11]. A detailed review can be found in [12]. Three-dimensional 
numerical methods, in particular the boundary element method have been recently very 
frequently used to simulate the pull-off process of adhesive contact of different indenters, 
for example based on the JKR-model (Johnson, Kendall and Roberts) by Pohrt and Popov 
(2015) [13], or using the Dugdale potential by Bazrafshan et al. (2017) [14], and by 
Molibari et al. (2017) [15]. In this paper we will use the method of [13] to simulate 
adhesive contacts of the cluster system. This method can be applied to various adhesive 
contact problems, while some of them have been validated by existing theories or 
analytical solutions: the case of a spherical indenter validated by the classical JKR theory 
[16], the case of a cylindrical punch by Kendall’s theory, tests with toroidal indenter, can 
be found in [17], and with elliptical one as well as two circular punches in [18]. Recently 
the BEM has been extended for contacts of power-law functionally graded materials [19] 
and has been validated by the theoretical solution and the method of the dimensionality 
reduction [20]. This effective numerical tool enables us to carry out simulation of various 
brush structures.  
2. ANALYTICAL ESTIMATION 
A recent study of the influence of contact geometry on the strength of adhesion states 
that the filling factor (or ratio of real area to the apparent area) plays an important role in 
the adhesive contact of a flat-ended punch with internal discontinuities [21]. If the real 
contact area of the punch is in proportion to the whole apparent area A with a filling factor 
, Areal=A, then the total energy is equal to  
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where E
*
 is effective elastic modulus E
*
=E/(1-2) with E the elastic modulus and  the 
Poisson’s ratio, d is the indentation depth, 12 is the work of adhesion per unit area. The first 
term in Eq. (1) indicates the elastic energy stored in the body where (A/)1/2 represents the 
“effective radius” of the cross section of the punch, and the second the adhesion energy. 
The adhesive force and the critical indentation depth can be derived as  
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The subscript “upper” means the upper bound of the force. Similarly, if we use incircle 
radius a0 of the apparent area instead of effective radius (A/)
1/2
, then the lower bound of 
the force and indentation depth is estimated as  
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Both estimations (2) and (4) show that the adhesive force of discontinuous or structured 
punch is roughly proportional to the square root of the area of the real contact (and thus 
square root of the filling factor: FA~
1/2
. Note that we study the indentation depth-controlled 
pull off experiment, and the adhesive force is defined as the absolute value of the maximal 
normal force in the pull-off process.  
3. NUMERICAL SIMULATION 
Now we numerically calculate the adhesive force for different brush structures. Three 
types of cluster will be investigated: (1) regularly distributed pillars (Fig. 2a); (2) randomly 
distributed pillars (Fig. 2b); (3) mixed distribution (Fig. 2c). In case of (1), the pillars of the 
same sizes are placed in 4×4 (up to 32×32) lattices. In case of (2), the positions of the 
pillars are randomly generated in the whole square area and the circles will not overlap 
with each other. In the case of (3), the cubes and the pillars are mixed (the proportion is 
randomly given) and put into the 16×16 lattices. Their sizes in all these three distributions 
can also be changed to obtain various densities. 
 
a)                        b)   c) 
Fig. 2 Examples of three types of brush structures with = 0.29: a) regular distribution 
in 12×12 lattices; b) random distribution; c) mixed distribution in 16×16 lattices 
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3.1. Regular distribution of pillars 
In this case, the cylindrical pillars with radius a
*
 are regularly distributed in a square 
area with length L and discretization 1024×1024. 40 densities  varying from 10-3 to 0.75 
are realized through the change of radius and number of the pillars. For each  , we 
simulate the adhesion process with different numbers of pillars, from N=4×4 to 32×32 
pillars.   
Fig. 3 shows an example of adhesive contact of brush with N=16×16 pillars, where the 
indentation and force are normalized by the Kendall’s solution for macroscopic incircle of 
the square area equal to Eq. (4) and (5) with =1:  
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                 a)                      b) 
Fig. 3 Adhesive contact of a structured indenter: a) Force-indentation dependence; b) change 
of contact area (black color) during the detachment corresponding to the four positions 
in subplot (a). The gray color indicates the detached elements. The important part of 
the curve in subplot (a) is enlarged to observe the detachment behavior 
In the simulation, the “indentation depth” is controlled during the separation and the 
normal force is calculated at each step. The obtained dependence of pull-off force on the 
separation distance is shown in Fig. 3a, where the subplot is a three-dimensional contact 
configuration at the final detachment moment (corresponding to point 4 in Fig. 3b). The 
change of contact area during the detachment can be seen in Fig.3b. It is found that the 
contact points at the corners are always firstly broken from the indenter and detachment 
expands towards the center with an increasing indentation depth. When the contact 
approaches the incircle of the square area, the surfaces are suddenly separated. This general 
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behavior has been generalized in [21] for indenters with various odd geometries. Now we 
put an emphasis on the maximal value of the pull-off force, i.e. adhesive force FA. For 
comparison, the estimation of the upper and lower bounds of adhesive force,  Eqs. (2)-(5) 
are also added in Fig. 3a. 
Numerical results from simulations of a number of surfaces are shown in Fig. 4. For a 
certain area density , adhesive force FA is almost the same for different structures with 
few (4×4) or many (32×32) pillars (Fig. 4a). The adhesive force is roughly proportional to 
the square root of the contact area density (Fig. 4b).  
  
           a)                       b) 
Fig. 4 Dependence of adhesive force on the square root of the filling factor:  
a) for different size and number of the pillars; b) in a plot with error bar  
3.2. Random and mixed distribution 
  
                 a)                      b) 
Fig. 5 Dependence of adhesive force on the square root of the filling factor:  
a) for randomly distributed pillars; b) for mixed distribution of pillars and squares. 
The adhesive force is roughly proportional to the square root of the filling factor  
6 Q. LI, V.L. POPOV 
We have investigated other structures as shown in Fig. 2b and Fig. 2c. For the case of 
randomly distributed pillars, the radius of pillar a
*
 varies from a
*
=0.003L to a
*
=0.03L. For 
a given radius a
*
 and area density , the adhesive force is averaged by 10 surfaces. The results 
are shown in Fig. 5a, where a few examples of structure geometries are presented. The 
adhesive force is very slightly dependent on the size of the pillars. It is a little bit larger for 
smaller circles. Fig. 5b shows the results of the case for mixed distribution where the pillars 
and squares appear randomly on the surface. The force-area density dependence in these 
two cases is the same as in the case of regular distribution of pillars. For comparison, the 
curve of Fig. 4b for the case of regularly distributed pillars is also plotted in Figs. 5a and 5b.     
4. COMPARISON WITH CIRCULAR AREA  
In Fig. 3b it is seen that the detachment begins at the corner of the square and then 
extends toward the center. In the final state of absolute instability (complete detachment), 
the contact shape is approximately the incircle of the square. Numerically we simulate the 
pull-off adhesive contact of the same structure but macroscopically in a circular area with 
regularly distributed pillars. One example of force-distance relation is shown in Fig.6a. We 
can see that the pull-off force increases linearly with the separation distance, and the whole 
circular area is found to be suddenly separated without partial detachment. This behavior is 
the same as in the case of a complete cylindrical punch studied by Kendall. The maximal 
normal force, i.e. adhesive force can be observed to be smaller than the case of square area 
with the same area density. The results for varied sizes of pillars presented in Fig. 6b give a 
similar dependence of adhesive force on the area density to the case of square area; 
however, in comparison with the latter, the adhesive force in the case of circular area is a 
little bit smaller due to a smaller contact area.  
 
                 a)                      b) 
Fig. 6 Adhesive force of the pillar structure in a circular area: a) an example of 
force-separation dependence; b) dependence of adhesive force on the area density. 
The adhesive force in the case of circular area is smaller than in the case of square area 
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5. CONCLUSION 
In this paper we have numerically simulated the pull-off adhesive contact of surfaces 
with brush-structures. The pillars are regularly or randomly distributed in a macroscopic 
square area. It is noted that we consider a rigid brush structure contacting with an elastic 
half space. For the case of flexible pillars, e.g. mushroom shaped microstructures [22], the 
behavior of detachment could be very different. As found in Ref. [21], the discontinuities 
of the indenter have no essential influence on the development of the detachment process: 
the detachment starts at the corner and spreads to the center. The adhesive force defined as 
the maximal pull-off force is found to be roughly proportional to the filling factor that is the 
ratio of pillar area and the apparent area, which verified the theoretical prediction. 
Therefore, the contact splitting in the case of rigid pillars does not lead to any increase in 
the adhesive force. 
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